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2.1 $(a, b)$- 6






4. $3$ $r(S)$ $i(S)$ 17
* fujita@kurims.kyoto-u.ac.jp
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$S$ ( $\log$ del Pezzo surface) $S$
( $\log$-terminal) $-K_{S}$ ( $\mathbb{Q}$- )
( $k$ $\mathbb{C}$
)
( [Nak07]). $S$ $S$ (fractional
index) $r(S)$ $\mathbb{Q}-$ ( $\mathbb{Q}$-Gorenstein index) $*1i(S)$
:
$r(S)$ $:= \max\{r\in \mathbb{Q}_{>0}|-K_{S\mathbb{Q}}\sim rL(^{\exists}L$ : on $S)\},$
$i(S)$ $:= \min${ $a\in \mathbb{Z}_{>0}|-aK_{S}$ }.
1.1. $S$
(1) [Fjt75] $r(S)>1$ $S$ : $\mathbb{P}^{2}(r(\mathbb{P}^{2})=3),$ $\mathbb{P}^{1}\cross \mathbb{P}^{1}$
$(r(\mathbb{P}^{1}\cross \mathbb{P}^{1})=2),$ $\mathbb{P}(1,1, d)(d\geq 2)(r(\mathbb{P}(1,1, d))=1+2/d)$ . $\mathbb{P}$ $(1, 1, d)$
(1, 1, d)
(2) $r(S)=1$ $i(S)=1$ $*$2. $S$ [Bre80, Dem80, HW81]
(3) $i(S)=2$ $S$ $k=\mathbb{C}$ [AN88, AN89, AN06] $K$
[Nak07] $*$3.
(4) $i(S)=3$ $r(S)=2/3$ $S$ Ik $=\mathbb{C}$ [OT12]
$*4.$
2 (Fano spectrum) :
$FS_{2}:=$ {$r(S)|S$ : }.
$*1$ [FY14] $[Fjtl4b]$ (index)
$*2$ [$Fjtl4a$, Proposition 3.5 (2)] 1.2
$*3$
$*4$ [AN88, AN89, AN06]
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2 $FS_{2}$ ACC, (ascending chain condition)
(accumulation point) $\{0\}\cup\{1/k|k\in \mathbb{Z}>0\}$
[Ale88] 1.1 (1) $FS_{2}\cap(1, \infty)=\{1+2/d|d\in \mathbb{Z}>0\}$
( 2 [Ale91] [HMX12, Corollary
1.10] )
1.2




$b$ $S$ ( ) $L_{S}$ $r(S)=b/a$
$-aK_{S}\sim bL_{S}$ $(a, b)$ $S$ (multi-index)
$L_{S}$ $S$ (fundamental Cartier divisor)
$a=i(S)$ $a=i(S)$
$(a, b)$ (normalized)
1.2. $(a, b)$ $S$ $gcd(a, b)=1$
$r(S)=1/2$ $(2, 1)$ $S$
[$Fjtl4a$ , Corollary 4.4 (1)] 4.4
$(a, b)$ $S$
( 2 )
[Nak07] $[Fjtl4a]$ , [FY14] $[Fjtl4b]$





$K_{M/S}$ $\alpha$- $M$ $\mathbb{Q}$- $K_{M}-\alpha^{*}K_{S}$
$(M, E_{M})$ $(a, b)$ - ( 2.1 ).
Step 2. $(a, b)$ - $(M, E_{M})$
$M$ $(-1)$-
$Marrow X$ $X$ $\mathbb{P}^{2}$ $\mathbb{F}_{n}$ , ( $\mathbb{F}_{n}$





$X$ $E_{M}$ $E_{X}$ $(X, E_{X})$ $M$ $(a, b)$-
$(-1)$-




$M=M_{0}arrow^{1}M_{1}\phiarrow^{2}\phi$ . . . $arrow M_{m}=X\phi_{m}.$
$\phi_{i}:M_{i-1}arrow M_{i}$ $(-1)$-
$X$ $\mathbb{P}^{2}$ $\mathbb{F}_{n}$
$\phi_{i}$ $M=M_{0}$ $E_{0}$ $L_{0}$
$E_{M}$ $L_{S}$ $\alpha$ $K_{M_{0}}+L_{0}$ (nef)
( 2.2). $M_{i-1},$ $E_{i-1}$ $L_{i-1}$
$iK_{M_{i-1}}+L_{i-1}$ $\phi_{i}$
$M_{i-1}$ $(i+1)K_{M_{i-1}}+L_{i-1}$ ( )
$(-1)$- ( $(-1)$- ) $\phi_{i}$
$\phi_{i}:M_{i-1}arrow M_{i}$ $((i+1)K_{M_{:-1}}+L_{i-1})$ -
$E_{i}$ $L_{i}$ $E_{i-1}$ $L_{i-1}$
$(i+1)K_{M_{i}}+L_{i}$ $\phi_{i+1}$ $m:=i$
$\phi_{i}$ $1/c\leq r(S)$ $m\leq c-1$
(cone theorem) $X$ $:=M_{m}$ $\mathbb{P}^{2}$ $\mathbb{F}_{n}$
2.4
$\phi_{i}$
$iK_{M_{i-1}}+L_{i-1}$ $((i+1)K_{M_{i-1}}+L_{i-l})$ - $\phi_{i}$









$\phi_{i}$ (1.3 ) $\Delta_{i}\subset M_{i}$ ( $\Delta_{i}$ $X$
“ ” ) $E_{X}:=E_{m}$







$*$ 6. $U$ $\Delta\subset U$ $0$
$\mathcal{I}_{\Delta}$ $P\in\triangle$
$\max\{\nu\in \mathbb{Z}_{>0}|\mathcal{I}_{\triangle}\subset m_{P}^{\nu}\}=1$
$\triangle$ $(\nu 1)$- $\mathfrak{m}_{P}$ $P$ $\mathcal{O}_{U}$
$\Delta$ $P$ mult $P\triangle$
$\mathcal{O}_{U,P}$ $\Delta$ $\deg\Delta$ $\sum_{P\in\triangle}$ multp $\triangle$
1.3 $([Nak07,$ Proposition $2.9])$ . (1) $\triangle\subset U$ $(\nu 1)$ -
$\pi:Varrow U$ $\triangle$ $U$ $Warrow U$ $W$
$Varrow W$ ( $\pi$ $\triangle$ $0$ (elimination)
). $-K_{V}$ $\pi$ - $P\in\Delta$ multp $\Delta=k$
$\pi^{-1}(P)$ $k$ $\sum_{i=1}^{k}\Gamma_{P,k}$
:




(2) $\pi:Varrow U$ $-K_{V}$ $\pi-$
$\mathcal{I}_{\Delta}:=\pi_{*}\mathcal{O}_{V}(-K_{V/U})$ $U$
$\triangle\subset U$ $(\nu 1)$ - $\pi$ $\Delta$ $0$
$*6[Fjtl4a, \S 2.1]$





$(\nu 1)$- $\Delta\subset U$ $(\nu 1)$-
$P\in\triangle$ multp $\Delta=k$ $\Delta$ $P$
$\mathcal{O}_{U,P}$ $x,$ $y$ $\mathcal{I}_{\Delta,P}=(x, y^{k})$
$U_{1}arrow U$ ( ) $P$ $e\subset U_{1}$
$\mathcal{I}_{\Delta}\mathcal{O}_{U_{1}}=\mathcal{O}_{U_{1}}(-e)\otimes \mathcal{I}_{\Delta_{1}}$ $\Delta_{1}$ ( ),
$\mathcal{O}_{U_{1},P_{1}}$ $x_{1},$ $y_{1}$
$\mathcal{I}_{\Delta_{1},P_{1}}=(x_{1}, y_{1}^{k-1})$
( ) $P_{1}$ $U_{1}$ $U_{2}arrow U_{1}$ $\mathcal{I}_{\Delta_{1}}$
$\mathcal{O}_{U_{2}}$ $k$
$U_{k}arrow U_{k-1}arrow\cdotsarrow U_{1}arrow U$





2.1 $(a, b)$ -







$(\mathcal{B}3)M$ ( ) $L_{M}((a, b)$- $(M, E_{M})$ (fundamen-
tal divisor) ) $bL_{M}\sim-aK_{M}-E_{M}$
$(\mathcal{B}4)E_{M}$ $E_{0}$ $(L_{M}\cdot E_{0})=0$
$(\mathcal{B}5)K_{M}+L_{M}$ $(K_{M}+L_{M}\cdot L_{M})>0$
$(\mathcal{B}6),$ $(\mathcal{B}7)$ $(M, E_{M})$ $(a, b)$-
$($normalized $(a, b)$-basic pair) :
$(\mathcal{B}6)a,$ $b$ $t\geq 2$ $E_{M}$
$t$
$*8$ [Nak07, Lemma 2.4]
6
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$(\mathcal{B}7)(M, E_{M})$ $L_{M}$ Pic $M$ $u$
$M$ $L’$ $L_{M}\sim uL’$ $u=1$
2.1. $b/a\geq 1/2$ $(a, b)$- $(a, b)$-
$[Fjtl4a]$ $b/a\geq 1/2$ $(\mathcal{B}7)$
$*$ 9. [FY14] $[Fjtl4b]$ $a$-
(a-basic pair) $(a, 1)$ - ( $(\mathcal{B}1)$ )




2.2. (1) $S$ $(a, b)$ $L_{S}$
$S$ $\alpha:Marrow S$ $S$
$E_{M}:=-aK_{M/S}$ $(M, E_{M})$ $(a, b)$ - $\alpha^{*}L_{S}$
$(a, b)$ $S$
$(M, E_{M})$ $(a, b)$ -
(2) $(M, E_{M})$ $(a, b)$ - $L_{M}$
$\alpha:Marrow S$ $S$ $L_{S}$ $S$
$r(S)$ $b/a$ 1 $L_{M}\sim\alpha^{*}L_{S}$ , $\alpha$
$S$ $(M, E_{M})$ $(a, b)$ -
$(a, b)$ $S$
(1) $L_{M}:=\alpha^{*}L_{S}$ $(M, E_{M})$ $(\mathcal{B}1)-(\mathcal{B}4)$
$(\mathcal{B}5)$ $K_{M}+L_{M}$
$K_{M}+L_{M}$ [Mor82, Theorem 2.1] $(K_{M}+L_{M})$ -
$R\subset$ $NE$ $(M)$ $R$ $\gamma\subset M$ $(-1)$-
$(K_{M}+L_{M}\cdot\gamma)<0$ $(L_{M}\cdot\gamma)=0$ , $\gamma$ $\alpha$ $\alpha$
$\mathbb{P}^{1}$ - $\mathbb{P}^{2}arrow$ Speck
$M$ $\mathbb{P}^{2}$ $\mathbb{F}_{n}$ ( ) $(\mathcal{B}1)$
$K_{M}+L_{M}$ $(K_{M}+L_{M}\cdot L_{M})>0$
$(K_{M}+L_{M}\cdot L_{M})=0$ $L_{M}$




$(\mathcal{B}3)$ $(\mathcal{B}4)$ $E_{M}\equiv(a-b)L_{M}$ $0=(L_{M}\cdot E_{M})=(a-b)(L_{M}^{2})$
$(L_{M}^{2})>0$ $a-b>0$ $(K_{M}+L_{M}\cdot L_{M})>0$
$(\mathcal{B}5)$
(2) (base point free theorem) [KM98, Tan12]
[$Fjtl4a$ , Propositions 2.12 and 3.7]
2.2 $(a, b)$-
$1\leq i\leq a-1$ $(M_{i}, E_{i};\Delta_{1}, \ldots, \Delta_{i})$ $(\mathcal{F}1)-(\mathcal{F}4)$
$i$ $(a, b)$ - $((a, b)$-pseud-fundamental multiplet of
length i) :
$(\mathcal{F}1)M_{i}$ $E_{i}$ $M_{i}$
$(\mathcal{F}2)$ ( ) $L_{i}((M_{i}, E_{i;}\Delta_{1}, \ldots, \Delta_{i})$ (fundamental
divisor) ) $bL_{i}\sim-aK_{M_{i}}$ - $iK_{M_{i}}+$
$(-1)$- $\gamma\subset M_{i}$ $((i+1)K_{M_{i}}+L_{i}\cdot\gamma)\geq 0$
$(\mathcal{F}3)\Delta_{i}\subset M_{i}$ $0$ $(\nu 1)$ -
$(\mathcal{F}4)\phi_{i}:M_{i-1}arrow M_{i}$ $\Delta_{i}$ $0$ $E_{i-1};=\phi_{i}^{*}E_{i}-(a-ib)K_{M_{i-1}/M_{i}}$
:
$\bullet$ $i=1$ $(M_{0}, E_{0})$ $(a, b)$-
$\bullet$ $i\geq 2$ $(M_{i-1}, E_{i-1};\Delta_{1}, \ldots, \triangle_{i-1})$ $i-1$ $(a, b)$-
$(i+1)K_{M_{i}}+L_{i}$ $(M_{i}, E_{i};\Delta_{1}, \ldots, \Delta_{i})$ $i$
$(a, b)$- $((a, b)$-fundamental multiplet of length i) $i$
$(a, b)$- $(M_{i}, E_{i};\triangle_{1}, \ldots, \Delta_{i})$ $*$ 10(a, b)- $(M_{0}, E_{0})$
(normalized) $i$ $(a, b)$-
$(a, b)$- $0$ $(a, b)$ -
2.3. $b/a\geq 1/2$ $( (a, b)=(2,1))$ $[Fjtl4a]$ $(a, b)$-
$((a, b)$ -fundamental triplet) ( [Nak07] (fundamental
triplet) ) $(a, b)$-
$(a, b)$-
[FY14] $[Fjtl4b]$ $a$-
(a-fundamental multiplet) $(a, 1)$ - 2.1






(bott$om$ tetrad) $*$ 11.
$(a, b)$- $(a, b)$ -
2.4. $(M_{i}, E_{i};\triangle_{1}, \ldots, \triangle i (a, b)$ - $1\leq j\leq i$
$\phi_{j}:M_{j-1}arrow M_{j}$ $\triangle_{j}$ $0$ $E_{j-1}:=\phi_{j}^{*}E_{j}-(a-jb)K_{M_{j-1}/M_{j}},$
$L_{j-1}$ $(M_{j-1}, E_{j-1;}\triangle_{1}, \ldots, \triangle_{j-1})$
(1) $(i+1)K_{M_{i}}+$ $i<a/b-1$ $iK_{M_{i}}$
$\phi_{i+1}:M_{i}arrow M_{i+1}$
:
$\bullet$ $(\nu 1)$ - $0$ $\Delta_{i+1}\subset M_{i+1}$ $\phi_{i+1}$
$\Delta_{i+1}$ $0$
$\bullet$ $E_{i+1}$ $:=(\phi_{i+1})_{*}E_{i},$ $L_{i+1}$ $:=(\phi_{i+1})_{*}L_{i}$ $E_{i}=\phi_{i+1}^{*}E_{i+1}-(a-(i+$
$1)b)K_{M_{i}/M_{i+1}}$ $L_{i}=\phi_{i+1}^{*}L_{i+1}-(i+1)K_{M_{i}/M_{i+1}}$
$\bullet$ $(M_{i+1}, E_{i+1};\triangle_{1}, \ldots, \triangle_{i+1})$ $i+1$ $(a, b)$ - $L_{i+1}$
(2) $(i+1)K_{M_{i}}+L_{i}$ $(M_{i}, E_{i;}\triangle_{1}, \ldots, \triangle_{i})$ $(a, b)-$
$M$ $\mathbb{P}^{2}$ $\mathbb{F}$n.




$\bullet (K_{M_{i}}+L_{i}\cdot L_{i})-(K_{Mo}+L_{0}\cdot L_{0})=\sum_{j}^{i_{=1}}j(j-1)\deg\triangle_{j}.$
$\bullet$ $E_{i}$ $C$ $(L_{i} \cdot C)=\sum_{j=1}^{i}j\deg(\Delta_{j}\cap C^{j})$ .
$C^{j}\subset M_{j}$ $C$ $M_{j}$ (proper transform)













$-K_{M_{i}}$ $\phi$i $+$ l- 1.3 $\phi_{i+1}$ $(\nu 1)$ -
$\triangle_{i+1}\subset M_{i+1}$ $E_{i}=\phi_{i+1}^{*}E_{i+1}-(a-(i+1)b)K_{M_{i}/M_{i+1}}$
$L_{i}=\phi_{i+1}^{*}L_{i+1}-(i+1)K_{M_{i}/M_{i+1}}$ $E_{i+1}$
(2) [Mor82, Theorem 2.1]
(3) $\deg\Delta_{j}=-(K_{M_{j-1}/M_{j}}^{2})$ $\deg(\Delta_{j}\cap C^{j})=(K_{M_{j-1}/M_{j}}\cdot C^{j-1})$ $*$ 12
2.5. $(M, E_{M})$ $(a, b)$ - $1\leq m<a/b$
$m$ $(a, b)$ - $(X, Ex;\Delta_{1}, \ldots, \Delta_{m})$ $(X, Ex;\Delta_{1}, \ldots, \triangle_{m})$
$(a, b)$ - $(M, E_{M})$
$(M, E_{M})$ $(\mathcal{B}1)-(\mathcal{B}4)$
$(X, E_{X;}\Delta_{1}, \ldots, \Delta_{m})$
$(\mathcal{B}5)$ $K_{M}+L_{M}$
$*$ 13
2.6. $a,$ $b$ $1\leq i\leq a/b$ $X$ $E,$ $L$ $X$
$bL\sim-aK_{X}-E$ $iK_{X}+L$ $(\nu 1)$ -
$0$ $\Delta\subset X$ $0$ $\phi:Yarrow X$
$E_{Y}:=\phi^{*}E-(a-ib)K_{Y/X}$ $L_{Y}:=\phi^{*}L-iK_{Y/X}$
$E_{Y}$ $C$ $(L_{Y}\cdot C)\geq 0$ $0\leq j\leq i$
$jK_{Y}+L_{Y}$
$0\leq j\leq i$ $jK_{Y}+L_{Y}$ $iK_{Y}+L_{Y}=\phi^{*}(K_{X}+L)$
$j<i$ $B\subset Y$ $(jK_{Y}+L_{Y}\cdot B)<0$
$0>(a-ib)(jK_{Y}+L_{Y}\cdot B)$
$=(a-jb)(iK_{Y}+L_{Y}\cdot B)+(i-j)(E_{Y}\cdot B)\geq(i-j)(E_{Y}\cdot B)$
$B$ $E_{Y}$ $(L_{Y}\cdot B)\geq 0$ .
$0>i(jK_{Y}+L_{Y}\cdot B)=j(iK_{Y}+L_{Y}\cdot B)+(i-j)(L_{Y}\cdot B)\geq 0$
$*12$ [Nak07, Lemma 2.7]
$*13$ [$Fjtl4b$, Proposition 3.13]
10
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$0\leq j\leq i$ $jK_{Y}+L_{Y}$ $\square$
$(a, b)$ -
2.7. $(a, b)$ - $(X, E_{X};\triangle_{1}, \ldots, \triangle_{m})$ $L_{X}$
:
(1) $a,$ $b$ $t\geq 2$ $E_{X}$
$t$
(2) $r$ $:= \max${ $t\in \mathbb{Z}_{>0}|$ $L’$ on $X$ $L_{X}\sim tL’$ },
$s$ $:= \min\{u|\Delta_{u}\neq\emptyset\}$ $gcd(r, s)=1$
$(X, E_{X};\triangle_{1}, \ldots, \triangle_{m})$ $(a, b)$ -
(1) $(\mathcal{B}6)$ $(\mathcal{B}7)$ $(M, E_{M})$
$(a, b)$- $L_{M}$ $(M, E_{M})$ $\phi_{s}:Marrow M_{S}$ $\triangle_{s}$ $0$
$t\in \mathbb{Z}_{>0}$ $M$ $L_{M}’$ $L_{M}\sim tL_{M}’$
$t\ovalbox{\tt\small REJECT}$
$r$ $\Gamma\subset M$ $\phi_{S}$ - $(-1)$-




( - $a$ ) $i(S)=a$
$(M_{0}, E_{0})$
$M_{0}arrow M_{1}arrow\cdotsarrow M_{m}$
$m$ $(M_{m}, E_{m};\Delta_{1}, \ldots, \Delta_{m})$ $M_{0}$
$M_{m-1}$ $(M_{0}, E_{0})$ 2.4 (1)




















$(a, b)$ $S$ $(a, b)$ - $(M, E_{M})$ ,
$(a, b)$- $(X, E_{X};\Delta)$ $(a, b)$- $(M, E_{M})$
$*$ 15. $\phi:Marrow X$ $\Delta$ $0$ 2.5 $(a, b)-$
1 $L_{X}$ $(X, E_{X};\Delta)$
$(X, E_{X};\Delta)$
$X=\mathbb{P}^{2}$
$e,$ $h$ $\mathcal{O}_{X}(E_{X})\simeq \mathcal{O}_{\mathbb{P}^{2}}(e)$ ,
$\mathcal{O}_{X}(L_{X})\simeq \mathcal{O}_{\mathbb{P}^{2}}$ ( ) $k:=\deg\triangle$ $(\mathcal{F}2)$
2.4 (3) $(Kx+L_{X}\cdot L_{X})>0$ $hb=3a-e$ $h\geq 4$
$0<e=3a-hb\leq(6-h)b$ $h=4$ 5
2.4 (3) $(L_{X}\cdot E_{X})=(a-b)\deg\Delta$ , $b/a=(3h-k)/(h^{2}-k)$
( $\phi^{*}L_{X}-K_{M/X}$ $h^{2}-k>0$ ) $h=4$ $e>0$
$b/a<3/4$ , $b/a=(12-k)/(16-k)$ . $h=5$ $b/a<3/5$
$*14r(S)\geq 1/2$ 3.2





$h=4$ 11/15, 10/14, 9/13, 8/12, 7/11, 6/10, 5/9, 4/8
$h=5$ 14/24, 13/23, 12/22, 11/21, 10/20
$*$ 16. $b/a$ ( $S$
$r(S))$ $X=\mathbb{P}^{2}$ $X$




3.1 $([Fjtl4a,$ Corollary $4.3])$ . :






3.2. $E_{X}$ $C$ $C$
$h=5$ $C$
$C$ $d$ , $E_{X}$ $C$ $e_{0}$ $C^{M}\subset M$
$C$ $M$ $e_{0}d\leq e=3a-hb$ $(M, E_{M})$
$L_{M}:=\phi^{*}L_{X}-K_{M/X}$ $C$ $(\mathcal{B}4)$ $0$
$(K_{M/X} . C^{M})=hd$ . (genus formula) $(C^{2})-((C^{M})^{2})=$
$(K_{M/X}\cdot C^{M})+2p_{a}(C)-2p_{a}(C^{M})$ $C^{M}$ $-((C^{M})^{2})=$
$(h-3)d+2$ $bL_{M}\sim-aK_{M}-E_{M}$ $(E_{M}\cdot C^{M})\geq e_{0}((C^{M})^{2})$
$2a\geq(a-e_{0})(-((C^{M})^{2}))$ . $1/2\leq b/a$ $((C^{M})^{2})$ $e_{0}$
$((h-3)d+2)(6-h)\geq 2d^{2}(h-3)$
$h=4$ $d=1$ 2, $h=5$ $d=1$
3.2 $E_{X}$
$E_{X}$ $C$
$*16$ $b/a$ $h=4$ 7/11, 3/5, 5/9,






3.3 $([Fjtl4a,$ Theorems $4.1 and 4.2])$ . $S$ $r(S)\in$
$[1/2,1)$ $S$
( )
([Nak07] $S$ ) $S$
3.4. $S$ $r(S)=b/a\in[1/2,1)(a, b\in \mathbb{Z}_{>}O)$
$-2aK_{S},$ $-3aK_{S}$ , $-5aK_{S}$
3.5. [$Fjtl4a$ , Theorem 4.1] (
):
{$r(S)|S$ : } $\cap$ (1/2, 1)
$= \{\frac{2s+t}{4s+t} s\in \mathbb{Z}_{>0}, t\in\{4,6\}\}.$
2
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[Fu193] $N:=\mathbb{Z}^{\oplus 2}$ $N_{\mathbb{R}}:=N\otimes_{\mathbb{Z}}\mathbb{R}$
4.1 $S=\mathbb{P}(1,2,5)$
2 ( 3 )
$S$ $\mathbb{P}(1,2,5)$








$\mathbb{R}_{\geq 0}(0, -1),$ $\mathbb{R}\geq 0(-1, -3),$ $\mathbb{R}_{\geq 0}(-2, -5),$ $\mathbb{R}\geq 0(-1, -2)$
$M$ $C_{1},$ $C_{2},$ $C_{3},$ $C_{4}$ $E_{M}^{1}=2C_{1}+C_{2}$
$L_{M}\sim 2C_{1}+6C_{2}+10C_{3}+5C_{4}$
$(M, E_{M})$ $(5, 4)$ -
$b/a\geq 1/2$ 2.5 1
1, 2 $(2K_{M}+L_{M})$-









( ) $(5, 4)$- $(X, E_{X};\Delta),$ $(X’, E_{X’};\Delta’)$
:
$\bullet$ $X=\mathbb{F}_{3},$ $E_{X}=2\sigma+l,$ $\deg\Delta=2,$ $\triangle$ $\triangle\subset l\backslash \sigma$,
$\sigma$ $(-3)$- $l$
$\bullet$ $X’=\mathbb{F}_{2},$ $E_{X’}=2\sigma’,$ $\deg\Delta’=2,$ $\Delta’$ $\deg(\Delta’\cap\sigma’)=1,$
$\sigma’$ $(-2)$ -
$S=\mathbb{P}(1,2,5)$
$(5, 4)$- $(5, 4)$ - $K_{M}+L_{M}$
1
(elementary transform)
$Marrow X=\mathbb{F}_{3}arrow \mathbb{P}^{1}$ $Marrow X’=\mathbb{F}_{2}arrow \mathbb{P}^{1}$





$l(S)$ $:= \min\{(-K_{S}\cdot C)|C$ : $S$ $\}$
$C\subset S$ $(L_{S}\cdot C)=1$ $C$ $S$ (line)
$L_{S}$ $S$ $S$
$r(S)=l(S)$ $[Fjnl4,$ $5.1]^{*19}$
{$l(S)|S$ : 1 }
1
( $k=\mathbb{C}$ ) 1.1 [Ale88]
$r(S)\geq 1/2$
$S$ $r(S)\geq 1$ 1.1
$r(S)\in[1/2,1)$ $(-1)$-
$S$






4.1. $d\geq 2$ $N_{\mathbb{R}}$ $\Sigma$ 1
$\{(-1, -1), (2d+1, -1), (-1,2d-1)\}$
$\Sigma$ $S$
$S$ 1 $\mathbb{R}_{\geq 0}(-1, -1),$ $\mathbb{R}_{\geq 0}(2d+1, -1)$ ,
$\mathbb{R}_{\geq 0}(-1,2d-1)$ $S$ $C_{1},$ $C_{2},$ $C_{3}$
$S$ $L_{S}$
$(L_{S}\cdot C_{1})=2d^{2}-1, (L_{S}\cdot C_{2})=d, (L_{S}\cdot C_{3})=d+1$
$l(S)/r(S)=d$
4.2. 4.1 $m:=$
$\lfloor 2d(d+1)/3\rfloor$ $(2d^{2}-1,1)$- $(X, Ex;\triangle_{1}, \ldots, \triangle_{m})$
:
$\bullet X=\mathbb{P}^{2}.$
$\bullet$ $E_{X}=(2d^{2}-d-1)l_{1}+(2d^{2}-d-2)l_{2}$ , $l_{1},$ $l_{2}$
$\bullet$ $\Delta_{d},$ $\Delta_{d+1}$ $\triangle_{i}$
$\bullet$ $\Delta_{d},$ $\Delta_{d+1}$ $\deg\triangle_{d+1}=2d,$ $\deg\Delta_{d}=2d+2$ .
$\triangle_{d+1}\subset l_{2}\backslash l_{1}$ $\Delta_{d}\subset l_{1}\backslash l_{2}$ . $l_{1},$ $l_{2}$ $X$ $l_{1},$ $l_{2}$
4.3. 1 ( )
[Takll, 11] [Ko196, Problem V.1.13]
4. $3$ $r(S)$ $i(S)$
$S$ $r(S)=b/a$
$\mathbb{Q}-$ $i(S)$ $a$ 1.2
$a$ $i(S)$ $-aK_{S}$




4.4. $d\in \mathbb{Z}_{>0}$ $2d$ $((36d^{2}-12d-1)(6d-$
1 $)$ , $(6d-1)^{2})$- $(X, E_{X};\Delta_{1}, \ldots, \Delta_{2d})$ :
$\bullet X=\mathbb{P}^{2}.$




$\bullet$ $\Delta_{1}$ $P,$ $Q$ $P$ $l_{1}$ $l_{2}$ $Q\in l_{1}\backslash l_{2}.$
$\bullet$ multp $\triangle_{1}=6d+1$ , mult$P(\Delta_{1}\cap l_{2})=6d$ , mult$Q\triangle 1=6d,$ $\hslash^{1}$ mult $Q(\triangle_{1}\cap l_{1})=$
$6d-1$
2.6
$(M, E_{M})$ $([Fjtl4a,$ Examples $2.5 and 2.6] )$ $M$








$V$ ( $\log$ Fano variety)
$-K_{V}$
$V$ $r(V)$
$\max\{r\in \mathbb{Q}_{>0}|-K\sim rL$ ( $L$ : ) ) $\}$
4.5. $\epsilon$ $n$ $F$ $\mathbb{C}$
$n$ $V$ $r(V)\geq\epsilon$ $r(V)$
$r(V)=b/a$ $-FaK_{V}$
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